Double parton scattering (DPS) has become very relevant as a background to interesting analyses performed by the experiments at the LHC. It encodes knowledge of correlations between the proton constituents not accessible in single parton scattering. Within perturbative QCD DPS is described in terms of partonic subprocesses and double parton distributions (DPDs). There exists a large number of different DPDs describing the different possible states of two partons inside a proton. They include correlations between the two partons and interferences between the two hard subprocesses. Taking the probability interpretation of the DPDs as starting point, we derive limits on the interference DPDs and thereby constrain the size of correlations between two partons inside an unpolarized proton.
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I. INTRODUCTION
Hadron collisions with two hard subprocesses, double parton scattering (DPS), have become very relevant with the realization that they constitute an important background to many analyses at the LHC, such as Higgs boson coupling measurements and new physics searches involving high-multiplicity final states. The rapid growth in the density of partons with energy leads to a rapid increase of DPS cross sections, which intuitively increases as the parton density to the power of four. The description of DPS has seen important improvements over the last couple of years, moving towards a reliable treatment within perturbative QCD (see for example [1] [2] [3] [4] ). Several ingredients in a proof of factorization have been established where the two hard subprocesses are calculated perturbatively, while the long distance physics is captured in double parton distributions (DPDs) [5, 6] .
Model estimates for the LHC based on the assumption of no correlations between the two hard subprocesses has been calculated for a variety of different processes. Double cc production and same sign double W -boson production are among the most promising for a clean separation of DPS from single parton scattering backgrounds [7] [8] [9] [10] [11] . The fraction of DPS events at the LHC in the W -boson plus dijet final state has recently been measured by both ATLAS and CMS [12, 13] .
DPS has a rich structure and embodies features and challenges not present in single parton scattering. These arise from the correlations between the two partons inside a proton and the presence of interference between the two hard subprocesses. This includes interferences in the color, flavor, fermion-number and spin quantum numbers of the partons entering the two interactions. The origin of the interferences is simple: In single parton scattering the parton "leaving" a proton in the amplitude, has to have the same quantum numbers as the parton "returning" in the conjugate amplitude. In DPS it is only the sum of the quantum numbers in the amplitude which have to be matched in the conjugate amplitude.
These features are captured in a (perhaps dauntingly) large number of DPDs. The DPDs have been examined in a variety of different models, where correlations in general have been found to be sizable [14] [15] [16] [17] . The situation, however, is not quite as complex as it might seem at first sight, since in the canonical situations only a fraction of the DPDs are likely to play a significant role. Through detailed investigations an identification of and understanding for the relevant correlations in different processes and kinematic regions can be reached. DPS cross sections including quantum-number correlations have been calculated for double vector boson production (for any combination of W , Z or γ) in the case of leptonic decay channels [5, 18] and double cc production [19] . Upper bounds on the polarized DPDs have been derived and through studies of their evolution the maximal degree of polarization of the two partons inside the proton at higher scales has been set [20, 21] . The color correlations between two quarks within a proton are suppressed at large scales by evolution, with the physical interpretation being attributed to the transport of color over an hadronic distance inside the proton [5, 22] . This also affects the fermion-number interference between quarks and antiquarks or quarks and gluons. Flavor interference has so far been less studied.
In the present paper we derive upper bounds on the DPDs describing color, flavor and fermion-number interferences; thus constraining the correlations between two partons inside a proton, and their effect on cross sections. The bounds are based on the probability interpretation of the two parton densities, analogously to the Soffer bound [23] for single parton distributions.
The structure of this paper is as follows: In section II we review some of the basics of DPS relevant for our present purposes and give the definition of matrix elements for DPDs. In section III we derive constraints on the interference distributions in color, flavor and fermion-number for double parton distributions of quarks, antiquarks and gluons. We highlight the most important features and discuss our findings in section IV.
II. DOUBLE PARTON SCATTERING AND DISTRIBUTIONS
The double parton scattering cross section can schematically be expressed as
whereσ i represents hard subprocess i, C is a combinatorial factor equal to two (one) if the partonic subprocesses are (not) identical and F (F ) labels the double parton distribution of the proton with momentum p (p). The DPDs depend on the longitudinal momentum fractions of the two partons x i (x i ) and the distance between them y. Implicit in this expression are the labels for the different flavors, colors, fermion numbers and spins of the four partons. This structure is significantly more complicated in DPS compared to the case with only one hard interaction, because of the possibility of interference between the two hard interactions and correlations between the two partons inside each proton.
The DPD for two partons in an unpolarized right-moving proton are defined as [6] F a1a2 (x 1 , x 2 , y) = 2p
where n i = 1 if parton number i is a gluon and n i = 0 otherwise. We use light-cone coordinates
2 ) for any four-vector v. The operators for quarks read
with projection Γ q = 
with projection Π
′ onto unpolarized gluons. We will take the two partons to be unpolarized throughout this paper, since the polarized distributions have already been studied in [20] . We do not write out the Wilson lines that make the operators gauge invariant.
In analogy to the collinear single-parton distributions the DPDs can be interpreted as probability densities for finding two partons inside an unpolarized proton, with longitudinal momentum fractions x 1 and x 2 and transverse separation y. As for single parton densities, this interpretation does not strictly hold in QCD where subtractions from the ultraviolet region can in principle invalidate the positivity, but it is nonetheless useful to investigate the consequences of the probability interpretation in order to guide the development of physically intuitive models of the distributions. This is particularly relevant in working at leading order of α s where the connection between parton distributions and cross sections are most direct.
III. CONSTRAINTS ON THE INTERFERENCE DISTRIBUTIONS
Since the probability density for finding two partons in a general color or flavor state is positive semi-definite, we have
Color labels of the double quark distributions. j (k) labels the color of the quark taking part in the first (second) hard interaction in the amplitude. Primed indices refers to the conjugate amplitude.
with arbitrary complex coefficients v λ1λ2 normalized as λ1λ2 |v λ1λ2 | 2 = 1. λ i (λ ′ i ) labels the quantum numbers (colors or flavors) of the two partons in the (conjugate) amplitude. ρ represent the color or flavor density matrix which are therefore positive-semidefinite. This property has already been used for the spin density matrices associated with transverse-momentum dependent distributions [24] , generalized parton distributions [25] and double parton distributions [20] . The positive semi-definiteness of the density matrix implies that the eigenvalues and principal minors are positive semi-definite, which leads to bounds on the elements of the matrix and thus on the DPDs. We will next go through the different types of interferences (i.e. color, flavor and fermion number) one by one and use the positivity to constrain the correlations between two partons inside an unpolarized proton.
A. Quark color interference
The color structure of the double quark distributions in (2) can be parametrized as [6] 
where the unprimed indices j, k corresponds to the quark in the amplitude entering the first and second hard interaction, while primed indices refers to the conjugate amplitude, as in figure 1.
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F describe the distribution when the quark fields taking part in the same hard interaction form a color singlet, while 8 F describes the color octet interference contribution between the two hard interactions. The interference term couples the two quark fields in the same hard interaction in a color SU (3) octet. The normalization of the interference distribution is chosen such that the two distributions enter with equal weight in the cross section for the production of a color singlet. With this choice the size of the two distributions directly indicates their phenomenological importance. For quark-antiquark (antiquark-quark) distributions the k and k ′ (j and j ′ ) indices in (6) are interchanged. For DPDs with one quark and one antiquark the color structure is different and we will return to these distributions when discussing fermion-number interference in section III C.
Taking the three possible colors for the quarks r, g, b and organizing the singlet and octet correlation distributions into a color-density matrix where the columns (rows) are given by the color of the two quarks in the (conjugate-) amplitude we could use the property of (5) to set limits on the color correlations. However, such a representation is reducible and we consider instead the two irreducible representations of two quarks in the product representation 3 ⊗ 3 =3 ⊕ 6, i.e. in an anti-triplet and a sextet representation, diagonalizing the color density matrix.
Using a recoupling, the color anti-triplet and sextet distributions can be expressed in terms of the color square 1 F and correlation 8 F distributions by using projection operators [26] 
, where the minus (plus) sign gives the anti-triplet (sextet). The resulting relations reads
where we have chosen the normalization with respect to the 1 Fdistribution. We will throughout this paper use the notation with a superscript following the distribution F (R) in order to denote the distribution in which the two partons in the amplitude couple to the SU (3) representation R. This must not be confused with R F , where the representation R is formed by one field in the amplitude and one in the conjugate amplitude. Up to overall normalization, equivalent equations can be obtained by making use of unitary SU (3) color recouping matrices [27, 28] . The interpretation of F (3)and F (6)as describing probabilities for finding two quarks in definite color states gives the upper bounds on the color interference DPDs
These
B. Flavor interference
Specifying the flavor structure of the DPDs in equation (2) gives, for example, the flavor squared distribution of an up and a down quark
while the corresponding flavor interference distribution is defined by
Limiting ourselves to the first three quark flavors u, d and s we construct the flavor-density matrix 
where the columns (rows) correspond to the flavors of the two quarks in the (conjugate) amplitude, i.e. dd, du, ds, ud, uu, us, sd, su and ss. Due to the positive semi-definiteness of the matrix (5) the principal minors of the two-dimensional subspaces gives
while the positivity of the eigenvalues leads to the constraints on the flavor interference
For mixed quark-antiquark distributions there can be flavor interference when the quark and antiquark are of the same flavor (i.e. dd, uū or ss). The flavor density matrix for quark-antiquark distributions reads 
where
aā labels the distribution with aā in the amplitude and bb in the conjugate amplitude. The principal minors of the two dimensional subspaces give the bounds on the interference distributions,
The most stringent bounds are given by the eigenvalues, which for the distributions where the quark and antiquark are of different flavors are simply the distributions (on the diagonal in the density matrix) themselves (there are no flavor interference for these distributions). For the distributions with quark-antiquark of equal flavor the eigenvalues result in rather complicated expressions, and there is little gain in giving them explicitly. The bounds derived in this section are the first indication on the allowed size of the flavor interference DPDs and therewith their effect in DPS cross sections.
C. Fermion-number interference
For distributions with one quark and one anti-quark, there can further be interferences in fermion-number, i.e. between quarks and anti-quarks. These are always accompanied by color interference -since two quarks cannot couple to a color singlet. Therefore, in order to set limits on DPDs with a quark and an antiquark we consider the joint space of color and fermion-number.
The DPDs describing interference in fermion-number between quarks and antiquarks are defined by [6] I q1q2 (x 1 , x 2 , y) = 2p
and the color structure can be decomposed as
As in the quark-quark case above we start by going to an irreducible representation, this time in terms of a singlet and an octet distributions 3 ⊗3 = 1 ⊕ 8. The quark-antiquark color density matrix reads
The color singlet and octet distributions can be expressed in terms of 1 F and the interference distribution
and their positivity leads to upper limits on the color correlations between the quark and antiquark. The inequalities hold true when interchanging q andq. The relations between I (1) , I I are equal to (19) with F 's replaced by I's, but as they are interference distributions they do not have to be positive. Considering next the joint space of color and fermion number, we can extend the two 2 × 2 matrices into a joint color-flavor number density matrix where the columns (rows) correspond to the color representations and fermion numbers of the first and second parton in the (conjugate) amplitude, i.e.singlet,octet,qq singlet,qq octet,
The eigenvalues of the matrix leads to the bounds
qq I
(1)
The combination of (19) and its analogue for fermion-number interference distributions with the positive semidefiniteness of the eigenvalues leads to combined constraints on the fermion-number and color interference distributions of a quark and an anti-quark,
The inequalities hold true when changing the q →q and thus concludes our discussion of the DPDs with quarks and anti-quarks. We will now turn our attention to double gluon and mixed gluon-quark distributions.
D. Double gluon distributions
The double gluon distributions has a more elaborate color structure due to the increased number of representations when combining two color octets. Therefore, while discussing gluon distributions we for simplicity specify to N c = 3. Two color octets can then be combined into 8 ⊗ 8 = 1 ⊕ 8 s ⊕ 8 a ⊕ 10 ⊕ 10 ⊕ 27, and we decompose the double gluon DPD as
The projections onto the (anti-)decouplet and 27-tuple reads
where the minus (plus) sign gives the 10 (10). The distributions
F and
27
F describe the case when the two gluon fields in the DPD which participate in the same hard interaction are coupled to a color singlet, an anti-symmetric octet, a symmetric octet, a decouplet or anti-decouplet and a 27-tuple. The decomposition in (23) is different from what was done in [6] in that it combines the decouplet and anti-decouplet into one distribution. The decouplet and anti-decouplet distributions are equal. As we explicitly show in section A, the equality F (23) is reduced by one. The combination of decouplet and anti-decouplet has been discussed when projecting out color states of gluons in several other contexts, see for example [29] [30] [31] [32] [33] .
Coupling the color between the two gluons in the amplitude (and in the conjugate amplitude), using the projection operators in [26] , gives
which describe the probability of finding two gluons inside a proton in a definite color state (color singlet, symmetric or anti-symmetric octet etc.) and their positivity leads to upper bounds on the color interference double gluon distributions. The projections were performed using the ColorMath package [34] and a useful discussion on color projection operators can be found in [29] .
E. Mixed gluon quark distributions
For the mixed gluon quark distributions the color decomposition reads [6]
Coupling the quark and the gluon in the (conjugate) amplitude we get the distributions of a gluon and a quark in the 8 ⊗ 3 = 3 ⊕ 6 ⊕ 15 representations
describing a quark and a gluon inside the proton in a color triplet, sextet or 15-tuple. Their positivity constraints the color interference distributions, however, just as for quark-antiquark distributions we can also have fermion number interference -now between a quark and a gluon. The fermion number interference describe when the gluon and quark have momentum fraction x 1 and x 2 respectively in the amplitude are interchanged in the conjugate amplitude (i.e. in the conjugate amplitude the quark have momentum fraction x 1 and the gluon x 2 ). This gives interference distributions I aa ′ jj ′ with color structure decomposed as in (26) and result in expressions for I (R) gq with R = {3, 6, 15} as in (27) with F → I (with the difference that they do not have to be positive). This gives us the mixed color, fermion-number density matrix where the columns (rows) correspond to the color and fermion-number states of the quark and gluon in the (conjugate) amplitude
with eigenvalues
gq I
qg ≥ 0,
Replacing the distributions according to (27) and its analogue for the fermion-number interference we obtain the bounds on the interference distributions, limiting the strength of color and fermion-number correlations between the quark and gluon inside the proton
These constraints are applicable also when the quark is replaced by an antiquark and thus completes our list of interferences in DPS.
IV. CONCLUSIONS
The interpretation of double parton distributions as probabilities for finding two partons in an unpolarized proton has been used to constrain the strength of correlations between the two partons and the effect of interferences in double parton scattering. Limits have been set on the size of the color, flavor and fermion-number interference DPDs involving quarks, anti-quarks and gluons. Combined with the bounds on the polarized DPDs [20] they constrain all the quantum-number interference types in double parton scattering. The constraints are interesting in that they make explicit the interdependence of the different distributions, for example Eq. (21) shows that an increased fermionnumber interference decreases the maximal size of the difference between the the distributions of quark-antiquark compared to antiquark-quark (both in a color singlet or octet state).
The limits can be useful in constructing models for the DPDs and in examining the possible correlation effects in DPS cross sections. The large number of different DPDs makes it cumbersome to take all interferences into account for phenomenological calculations, and unfeasible to extract all of them experimentally. The bounds provides a starting point when one considers the observable effects of the correlations and tries to determine which correlations have to be taken into account in phenomenological studies. For a particular process, the combination of the bounds with the knowledge of the evolution of the DPDs, can already lead to a large reduction of the relevant correlations in the process and the number of DPDs which should be included in the cross section calculation.
The effect of evolution on the bounds should be further investigated. Color interference and fermion-number interference for quarks and anti-quarks are suppressed in evolution to higher scales [5] . By combining the derived constraints with the evolution of these distributions, upper limits can be set on the scale at which color interference can be of experimental relevance. Analogous suppression by evolution is expected for color interference in the gluon and mixed quark-gluon sectors, but the exact expressions remains to be worked out. The evolution of the flavor interference distributions has been less studied, but since these distributions does not mix with the gluon distributions they are expected to become less prominent in the small x i , large Q region.
In deriving the bounds, we showed that the two distributions for finding two gluons in a decouplet or an antidecouplet are equal. They can therefore be combined in the decomposition of the double gluon color structure (23) , reducing the number of independent double gluon distributions.
We can show that the gluon decouplet and anti-decouplet distributions are equal by decomposing the color structure of the double gluon distribution with separate .
The projections onto the F (10) and F (10) distributions reads 
which shows that F (10) = F (10) . We can likewise decompose the color structure of F aa ′ ,bb ′ in terms of F (10) and F (10) and use t F as in (23) .
